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Abstract. Let V be a finite dimensional vector space over a number field. In this 
paper we prove a limit formula for heights on the endomorphism ring of V, which can 
be considered as the analogue for both the Gelfand-Beurling formula for the spectral 
radius on a Banach Algebra and Tate's averaging procedure for constructing canon- 
ical heights on Abelian Varieties. We also prove a version of Northcott's finiteness 
theorem. 



Introduction 

Let A be an abelian variety denned over a number field K. Fix an ample and 
symmetric invertible sheaf C on A. Suppose that cj> : A — > P" is an injective 
morphism associated to C, i.e. 0*0p™(l) ~ C. Let H be the Northcott-Weil £ 2 - 
height on P n (K) (we will recall the definition of H in section 1), and set h<p — 
log(iJo0) : A(K) — > E. The function is called a (logarithmic) Northcott-Weil 
height on A associated to C. Clearly h^, is not uniquely determined by C, but it 
can be shown (see e.g. [9]) that the various functions constructed using different 
choices of </> (always subject to the condition <fi*Op™(l) ~ C) all lie in the same 
class modulo bounded functions. A lemma of J. Tate, as stated in [8, pp. 29- 
30], allows us to choose, amongst all the Northcott-Weil heights associated to £, a 
canonical one having good functorial properties. If we denote by [n] : A — > A the 
multiplication by n map, then we can explicitly compute the canonical height he 
via Tate's averaging procedure: 

(o.i) MP)=H m ^S^. 

Let us stress that the function he is independent of the choice of and [n] . 
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The purpose of this paper is to prove an analogous formula for heights on the 
endomorphism rings of a finite dimensional if- vector space. As for the case of 
abelian varieties one needs some additional structure in order to be able to define 
heights. In this paper we work with heights associated to an adelic norm on V. We 
will provide all the relevant definitions in section 1. Let V be a finite dimensional 
if -vector space and End(V) its endomorphism ring. To any adelic norm T on 
V we associate an height function on End(V). On End(V) there also exists 
another height function, H s , which is called the spectral height, and is substantially 
different from the operator heights being defined as the product of the local spectral 
radii. In our situation the spectral height will play the role of the canonical height. 
In fact our first main result is: 

Theorem A. Let V be a finite dimensional K -vector space, and T an adelic norm 
on V. Then, for all TeEnd(V) , we have 

(0.2) lim H°/(T k f = H S (T). 

k — >oc 

Clearly (0.2) is the analogue of Tate's averaging procedure (0.1) in this setting. 
Recall that the Gelfand-Beurling formula for the spectral radius on a complex 
Banach algebra with 1, (A, || • ||), states that 

lim ||a fe p =p(a), 

k — >oo 

where p(a) = sup Aesp ( a ) |A| and sp(a) = {AeC | a — A • 1 is not invcrtible}. There- 
fore (0.2) can also be considered as the global analogue of the (finite dimensional) 
Gelfand-Beurling formula. Let us remark that the Gelfand-Beurling formula, and 
its real and p-adic counterparts, are actually used in the proof of theorem A. 

Let P(End(if™)) denote the projective space associated to End(if ™). The opera- 
tor height, being homogeneous, descends to a real valued function on P(End(if n )). 
The other significant result that we will present is the extension to this setting of 
Northcott's theorem stating the finiteness of the set of points of bounded heights 
in projective spaces: 

Theorem B. Let V be a finite dimensional K -vector space and T a regular adelic 
norm on V. Then the set 

|[T]eP(End(V0) | rank (T) > 2 andH op {T) < B) 

is finite for every B > 1 . 

It is necessary to exclude rank one transformations from the above statement, 
see section 4 for more details. 

The paper is organized as follows: in section 1 we set our notations and we 
introduce the height functions that we will use. In section 2 we prove a reduction 
lemma which shows that is sufficient to prove our main result for the I 2 height 
on K n . Section 3 contains our main technical result (theorem 3.3) which is a 
comparison result between different heights on End (if™). Section 4 is devoted to 
the proof of the main results. 

Acknowledgements I would like to thank D. Masser and P. Stevenhagen for many 
comments and suggestions. It is a pleasure to express my gratitude to Alan Mayer 
for encouragement and advice. 
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1. Heights 

Let K be a number field of degree d over Q. We denote by A4 K the set of 
equivalence classes of absolute values of K; by M° K (respectively M^ ) the subset 
of M K consisting of the equivalence classes of non-archimedcan (resp. archimcdean) 
absolute values. If veA4" k , v\p, we normalize | • |„ by requiring that \p\ v = 
while if v£Mk we then normalize | • \ v by requiring that its restriction to Q is the 
standard archimedean absolute value. Let K v be the completion of K with respect 
to | • \ v . We denote by n v the local degree, and set d v — n v /d. 

Before giving the definition of adelic norm we need to recall a few facts about 
lattices over number field and their completions, see [13, ch.2 & 5] for more details. 
Given v^M° K we denote by O v the closure of Ok (the ring of integers of K) in 
K v . A if„-lattice in a finite dimensional if„-vector space is a compact and open 
O^-module. Let W be a if„-vector space and let M C W be a ^-lattice M. The 
norm associated to M, Nm : W — > M, is defined by 

aw - mf m; 1 . 

Let V be an n-dimensional X-vector space. An O^-module A in V is called a 
if-lattice if it is finitely generated and contains a basis of V over K. Given v&M° K 
we denote by A„ the closure of A in K™. 

By an adelic norm 1 (cf. [14]) on V we mean a collection T = {N v , v£A4 K } of 
norms N v : V v — V® K K V — > WL, having the following properties: 

(a) N v is a norm with respect to | ■ |„. Moreover, if v&M° K , then N v is ultra- 
metric, i.e. N v (x + y)< max{A f „(x), N v (y)}. 

(b) There exists a if-lattice A, such that N v is the norm associated to A„ for 
all but finitely many v^M° K . 

A moment of reflection shows that if A is a if-lattice in V, then there exists a 
basis {yi, . . . , y„} such that for all but finitely many vGA4° K , A v is the O^-module 
generated by {yi, . . . , y„}. In particular for each xGF the set {vGA4° K \N\ v (x) ^ 1} 
is finite. Therefore, given an adelic norm T on V, it makes sense to set 

a>(x)= n iv„(x)*-, 

v£M K 

for all ^ xeV. We set by definition H r (0) = 1. The function H T : V -» M so 
defined is called the height associated to T . Note that the product formula implies 
that Hp is homogeneous, i.e. iJjc-(Ax) = _ffjr(x) for all \eK x . 

Examples, (a) Let V = K n . Set 

n \ 2 

i=l / 

supi<i<„ ifue^. 

Then £ = {|| • ll^l^eA^^ is an adelic norm on K n and its associated height function 
Hs is the £ 2 Northcott-Wcil height. By changing the £ 2 -norms at the archimedean 



1 Some comments on why we have chosen this definition of adelic norm will be provided in the 
remark following the definition of the operator height associated to T. 
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places into either I 1 or P-norms one recovers the other two Northcott-Weil heights 
that are commonly used. Note that Hg is invariant under field extensions. 

(b) Let V be an n-dimensional if- vector space and b = {yi, ... ,y n } a basis of 
V over K. Let Lb be the isomorphism of V to K n defined by mapping yj to ej, 
where {ei, . . . ,e„} is the canonical basis of K n . Set ||x|| btj = || ift(x) , then 

= {|| • || b v , v^A4 K } is an adelic norm. 

(c) Let T = (T v ) be an element of GL n (KA), the adele group of GL n (K). Define 
N v : K™ — > R by setting AT„(x) = || T„(x) ||„. Then T T = {N v , veM K } is an adelic 
norm on K n . The associated height Hjr T was used by D.Roy and J. Thunder in [6], 
where it is called the twisted height associated to T. 

Let us point out that the height arising from the adelic norms defined in the 
examples include all the height functions that are commonly used in the literature. 

Let T be an adelic norm on V. The function iJ° p : End(V) -» M defined by 
setting 



is called the operator height associated to T (or to Hjr). The following properties 
of H'p are an immediate consequence of the above definition: 

(1) H°/(XT) = H^(T) 

(2) H°/(TS) < #° p (T)tf° p (S). 

Note that property (1) ensures us that descends to a well-defined function 
on V(End(K n )Y We will see in the next section that ffp is well defined meaning 
that the ff° p (T) < oo. 

Remark. Condition (b) in the definition of adelic norm is in some sense a strong 
one. In fact it is immediate to verify that it is equivalent to require that there exists 
a basis b of V such that N v = \\ ■ ||, v for all but finitely many v^M° K . A possible 
and natural way of relaxing condition (b) would be to require only that the set 
{v<eM k I iV„(x) ^ 1} is finite for all ^ x<EV. This condition is indeed sufficient 
to have a well-defined height function on V attached to T , but not for ensuring that 
the operator height is well defined, as shown by the following example. Consider 
the family of norms T = {N p | M Q }, where N p : — > R is defined as 

f max{|xi| p , \px 2 \ p } ifp^oo 
N p {x 1 ,x 2 ) = i 

{ ma,x{\xi\,\x2\i if p = oo. 

Clearly N p is an ultramctric norm for any p ^ oo. Moreover given (xi,x 2 ) there 
are only finitely many p's for which N p (x\,x 2 ) ^ 1. Let q be a prime 

(1.1) Hr(q,l) = q-N q (q,l) = qq- 1 = l, 

while 



It follows that 



^(5, 1) 
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which is clearly unbounded as q — > oo. This fact contradicts the conclusion of lemma 
2.1 (sec next section). Therefore T cannot be an adelic norm. Let T = Q "i*)" 
We want to show that 

Hr{T(x)) 
sup „ , ' = +00. 

We will accomplish this by exhibiting a sequence {x n } of vectors in Q 2 such that 
Hyr(y: n ) = 1 and H^(T(x n )) — > 00 as n — > 00. First of all note that if x = {2 m q 1 1), 
with q being any integer, then Hj^(x) > 2 m_1 . Then, let {p n } be a sequence of 
prime numbers such that p n = 1 mod 2™. The existence of such a sequence is 
guaranteed by repeated applications of Dirichlet's theorem on primes in arithmetic 
progressions. Then let {x„ = (p n ,l)}. By (1.1) Hjr(x n ) = 1, on the other hand 
T(x„) = ( Pn - 1, 1) = (2 n q n , 1) and so H r (T{x n )) > 2"" 1 . 

We conclude this section by giving the definition of the spectral height. Let 
us recall the definition of the local spectral radii. Let F be a complete local field 
and W a finite dimensional F- vector space. The spectral radius of TsEnd(VF) 
is pf(T) = sup Aesp ( T ) |A|ir(x), where sp(T) is the set of characteristic roots of T, 
and I • \f(\) is the unique extension of | • \f to F(X). Given TeEnd(V~) we set 
p v (T) = pk v (T v ) 7 where T v is the extension of T to V v by ^-linearity. If T is not 
nilpotent we set 

H S {T)= I] Pv(T) d "- 

v£M K 

We set H S {T) — 1 for any nilpotent transformation. The function thereby defined 
is called the spectral height and enjoys the following properties: 

(51) H S (XT) = H S (T). 

(52) H S (T) > 1. 

(53) H s (T k )=H s (T) k . 

(54) 7J S is invariant under conjugation. 

(55) //T s is t/ie semisimple, part of T then H S (T) = H S (T S ). 

(56) 7/T,T'e End(y) commute, H S (TT') < H S (T)H S (T'). 

(57) i? s is invariant under field extension. 

Properties (S3)-(S6) are direct consequences of the behavior of the spectrum under 
the various operations considered (see [5]). Property (SI) follows from the product 
formula while (S7) is derived in a standard way from the formula for local degrees 
(see [5, ch.3 §1]). Finally (S2) follows from (SI) and (S7). 

2. A REDUCTION LEMMA 

The main goal of this section is to show, that in order to establish theorems A 
and B in full generality, it is sufficient to prove them for H° p on K n (recall that 
H op is the operator height associated to the standard £ 2 adelic norm on K). 

Lemma 2.1. Let T = {N Vl v^M K } be an adelic norm on V. Then there exists a 
constant C > and an isomorphism 1 : V — > K n such that 

C- 1 H ap {T l ) < H°v{T) < CH op (T l ), 

where f = toTo t _1 e End(A" n ). 
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Proof. Let A be a if -lattice such that N v — N\ v for all but finitely many v^Ai a K . 
By definition A contains a basis b = {yi, ... , y„} of V over K. It follows that there 
exists a finite set of absolute values V, containing M°°K, such that N v = \\ ■ || for 
all v£P. Let i : V -> if n , yi ^ e t . If v^S, then N v (x) = || x || fc y = || t(x) ||„'. On 
the other hand all the norms on a finite dimensional vector space over a complete 
field are equivalent, thus V being finite we find that there exists C\,Ci > 0, such 
that 

Ci ■ H(i{x)) < fljr(x) < C 2 ■ H(i{x)). 
Then an easy computation shows 

C -i H o P ( T ^ < #°P( T ) < CH op (T L ) 

with C = C 2 /Ci > 0. ■ 

Let T he & adclic norm on V. Given B > 0, set 

ft(P(End(V)),ff° p ,5) = {[T]eP(End(V)) | rank(T) > 2and#° p (T) < B}. 
The next lemma achieves the goal of this section. 

Lemma 2.2. If theorems A and B hold for H op on K n , then they hold for the 
operator height associated to any adelic norm on an n-dimensional K-vector space. 

Proof. Let i : V — > K n and C > be as in the conclusion of the previous lemma. 
It follows that for every B > 0, the map T i— » T l gives rise to an injection 
fi(P(End(F)), i/° p ;J B) ^ Q(¥(ETLd{K n )),H°P,BC). 

Regarding the assertion of theorem A we first note that if theorem A holds for 
H op on K n , then 

limsupi?° p (T fc )i<limsup(Ci/ op ((T t ) fe )) i = lim (H° p ((T L ) k )) * = H s (T l ) 

k^oo k^oo k^oo 

and 

liminf(C- 1 J ff op (T tfe ))^<liminfi?° p (T fe )i = lim (H op {{T l ) k )) * = H S (T L ). 

Combining these inequalities with the fact that H S (T) = H S (T L ) yields the desired 
limit formula for H^? '. ■ 

Thanks to lemma 2.2. we can restrict our attention to H on K n . Let us introduce 
the heights, related to H, that will be useful in the sequel. If X is one-dimensional 
we set H{X) — H(x), where ^ x£X is any non-zero element. A subspacc X C K n 
of dimension I determines a one-dimensional subspace Ve(X) of K m , where m = (") 
(via the Pliicker map), allowing us to set H{X) = H(Ve(X)), cf. [7] where this 
height was firstly introduced. 

Next we want to introduce an auxiliary height function on End(if"), which is 
defined as the product of local operator norms. More precisely the norm || • ||„ 
induces a norm on End((K v ) n ), defined by 

ll*L= su P UfWL. 

xe(K„)"-{0} II X L 



A GELFAND-BEURLING TYPE FORMULA FOR HEIGHTS 



7 



Explicitly, given S = (sij)eM n (K v ), we have || S\\ v = sup 1 < i . ) < n \s lj \ v if veM° K . 
If veM-x, then ||T|| V = sup Ae sp ( T „ T -) \/A where T* is the adjoint of T. It fol- 
lows that for ^ Te End(if") , we have || T\\ v = 1 for all but finitely many u's. 
Therefore it makes sense to set: 

H(T)= I] \\T\t- 

veM K 

As usual, we set H (0) = 1. The elementary properties of H : End(if") — * R are: 

(HI) H(XT) = H(T); 

(H2) H(T) > 1; 

(H3) H{TT') < H(T) ■ H{T'); 

(H4) ff°P(T) < H(T) 

(H5) Lef (/) : End(if") — > if™ &e an isomorphism which assigns to T the n 2 -tuple 
formed by its entries (ordered in some way). Then there exists a constant 
C > such that: H(T) < H(4>(T)) < CH(T) for all Te End(i^™). 

Property (H4) follows at once from the definition of H°*>(T) and H(T). Of the 
remaining properties, the only one which is not a straightforward consequence of 
the corresponding properties of the local norms and the product formula is the 
inequality H(<P(T)) < CH(T), which is proven exactly as in lemma 2.1. 

Remark. Note that H4 and lemma 2.1 implies that iJ° p (T) < oo for all Te End(V) , 
V being a finite dimensional if -vector space and T any adelic norm on it. 



3. Comparison Results for Heights on End(K n ) 

The main result of this section is theorem 3.3., which establishes a comparison 
result between H and iJ op , which, beside of being interesting in its own right, will 
be used in the proof of theorem A. In fact our proof of theorem A consists of two 
steps: first we prove the desired limit formula with H in place of H op , then we 
show, by means of theorem 3.3, that this forces the limit formula to hold also for 
H°*>. 

Let X C K n be a subspace. For each v&M K let X v be the closure of X in if™. 
Define || • \x v , the seminorm relative to X v , to be 

\\y\\ x = ipf ||y-x||„. 

The global function associated to the local seminorms is 
d x : K n \ X — ► R 

y~d*(y)= II Hyll&- 

veM K 

The significance of dx is explained by the following proposition 
Proposition 3.1. Suppose TeEnd(if") is not zero. Let X = kcrT. Then 

iT{ r n} H ( T (y)) 

(3.1) H{T) = sup 7-t ■ 

y eK"\x dx{y) 
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Proof. 

\\T\\ V = sup {sup ™t}= sup { .;; (Z)L „ }= sup !£WL, 
hence 

H(T(y)) l|T(z)|| d » 
SU P 7 / < sup " „ V , J = H(T). 

ye K n\ x d x (y) J^ K . e Kn\ Xv H|% 

To prove the reverse inequality, let V D be a finite set of places such that 

ff(T(z)) II T(z) \\ d v 

(3.2)||TL=1 Vt,^ and -i-^i = JJ iA^k. VzeiT^. 

The existence of is guaranteed by lemma 3.2 below. Given e > let S > be 

such that J] II T Wi" < 6 + II (II r II ^ - By the weak approximation theorem 

veV vev 
we can find zGK n such that 

i. T ii*, *< 
ii ii« - || Z ||^ 

for all VE.V. Taking the product over V and using the equalities (3.2) yields 

vev vev vev 1 "« v ' 

completing the proof of the lemma. ■ 

Lemma 3.2. Let ^ TG M n (K) and set X — kerT. Then there exists a finite set 
of places V D 

(a) \\T\\ v = l Vvp> 

H(T(z)) t-t ||T(z)|| d " 

d x (z) 11 ||z||% 

Proof. If rank(T) = n the lemma reduces to the fact that T belongs to GL„(O t ,) 
for all but finitely many vGAi K . So we can assume r < n. To prove the lemma it 
suffices to exhibit a subspace y C K n of dimension r = rank (T) and a finite set of 
places "P D such that for all v^V we have : 

(a') \\y\\ x =\\y\\ v v y ey„ . 

(b') l|r(y)L = l|y||^ Vyey B . 

Suppose first that A" is spanned by the last n — r elements of the canonical ba- 
sis of K n . In this case we take y to be the span of the first r elements of 
the canonical basis of K n , and properties (a') and (b') are trivially verified. In 
general we proceed as follows: choose St M n (K^ , S invertible, such that X is 
spanned by S(e r+ i), . . . ,S(e n ). Now note that (1) and (2) hold for ToS and 
that S is an isometry with respect to || • ||„ for all but finitely many v£A4 K . Let 
y = S(< ei, . . . , e r >) and V be the finite set formed by those places of K for 
which either S is not a || • ||„ -isometry, or one of conditions (a') and (b') does not 
hold for ToS. It is straightforward to verify that y and V satisfies (a') and (b/). 



A GELFAND-BEURXING TYPE FORMULA FOR HEIGHTS 



9 



Theorem 3.3. Let TeEnd(A"), and set X = kerT. Then 

(a) IfT is invertible, then H°p(T) = H(T). 

(b) If 1 < rank (T) < n, then there a constant C (K, n) > 1 depending only on 
K and n. 

H°P(T) > H{T)C{K,ny 1 H{Xy 1 . 

(c) //rank(T) = 1, then H°p(T) = H(T)H (X)' 1 . 

The proof of theorem 3.3 is based upon the following lemma: 
Lemma 3.4. (a) Let X C K n be a subspace such that 1 < dim^ X < n—1. Then 

inf H(y - x) < C(K, n)d x (y)H(X) 

for all y^X. 

(b) If dim K X = n — 1, then H(X) = d x {y)- 1 . 

Proof. It follows from lemma 4 of [12] that H(X)d x (y) = H({X, y)) . If dim,, X = 
n — 1, then (X,y) = K n , proving (b) (recall that H{K n ) = 1). Now assume 
dim K X < n—1. By applying the ^-version of Siegel's lemma (see [11]), we find 
a a basis {zi, . . . , z^+i} of (X, y) and a constant C(n, K) depending on n and K, 
but not on X, such that 

i+i 

Y[H(z t ) < C(n,K)H({X,y)) = C{n,K)H{X)d x {y) 
i=i 

Now the height of any y£K n is at least one and at least one of the z^'s has to be 
of the form = y — x^, completing the proof of the proposition. ■ 

Proof of theorem 3.3. 

(a) If rank (T) = n then d x = H and so (a) was proven in proposition 3.1 

(b) Let X = kerT and C = C(n, K). By proposition 3.1 and lemma 3.4., we have 

H(T(y)) \ H(T(y)) ) 

H(T) - sup } U } < C ■ H(X) ■ sup . - \=C- H(X)H°P(T). 

y£X d X (y) [y£Kn m£ xe x H(y - x) J 

(c) Let y be the image of T. Then H°p(T) = H(y) = H(T(y)) for any y<£X. By 
proposition 3.1 H{T) = H(T(y))d x (y)^ 1 , hence (c) follows from lemma 3.4. ■ 

4. Proof of Theorems A and B 

The main ingredients for the proof of theorem A, besides theorem 3.3, are the 
local Gelfand-Beurling formulae, which we recall below: 

Theorem 4.1. Let K be a number field and v a place of K . Suppose S belongs to 
End(i^). Then 

(4.1) lim \\S k \\i =p v (S). 

k^oo 
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Proof. If vGMk, then (4.1) is a special case of the Gelfand-Beurling formula for 
Banach algebras. For a simultaneous proof of the real and complex case see [3]. If 
v£Mk, then (4.1) is proven (in a more general setting) in [1, theorem 7.2.1.] A 
direct and elementary proof is in [10, supplement 3, theorem 14]. 

The next theorem completes the proof of theorem A of the introduction. 

Theorem 4.2. Let TeEnd(K n ) . Then 

H 8 {T) = lim (H° v (T k )y. 

k— >oo 



Proof. We will first prove that 

(5.2) H S {T) = lim (H(T k ))*. 

k— »oo 

Then we will deduce the analogous formula for H op with the aid of theorem 3.3. 
Fix TeEnd(K n ) and let V C M K be defined by requiring that veV if and only 
if either p v (T) ^ 1 or || T k \\ v ^ 1 for some k > 1. Now the first condition is 
clearly verified only for finitely many w's. By lemma 3.2 the second condition is 
also verified only by finitely many v's. It follows that V is a finite set. Moreover: 

H S (T) = \{p v {T v )^- H(T k ) = [] II T k \\< for all k > 1. 

Since V is finite we can exchange the product with the limit, formula (4.2) follows 
from the local Gelfand-Beurling formulae. In particular, this yields the theorem for 
T invertible because in this case H{T) = H op (T) by theorem 3. 3. (a). Suppose now 
that T is singular. Note that kerT* = kerT h for all h,k>n. Let B = H(kerT n ). 
Then, by theorem 3.3. (b) and (c), we have 

liminf H op (T k )i > liminf f — i- ) * H(T k )i > limMH(T k )i = H S (T). 

On the other hand H op (T) < H(T), so 

lim sup H op (T k ) i < lim sup H (T k ) i = H s (T) . ■ 

Next we deal with Northcott's finiteness theorem. As was previously mentioned, 
it is indeed possible to have an infinite family of rank-one maps which are pairwise 
not homothetic and which all have height bounded by the same constant. Consider 

for example the family {{T n ],neZ}, where T n = ^ Then H op {T n ) = V2 for 

all n, and T n is not homothetic to T TO , if n ^= m. Let 

Of (P(End(A" n )),S) = { [T] \ rank(T) = l,H op (T) < B and H(kciT) < C) . 

Then our finiteness results can be formally stated as follows: 
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Theorem 4.3. Let B > 1. Then 

(a) The set fl(F(End(K n )) , H op , B) is finite. 

(b) The set fif (P(End(X n )) , B) is /smie for allC>\. 

Proof, (a) Northcott's finiteness theorem for projective space implies that we can 
choose = xo, xi, . . . , x m EK n , in such a way that any yGK n with H(y) < B is a 
non-zero scalar multiple of one and only one of the x^'s. Suppose T — (ti ... t„) is 
such that H°p(T) < B. Then t, = A,(T)x,t, with A,- ^ and ije{0, ... ,m}. The 

n-tuple (ij, . . . , i^) depends only on the image of T in P(End(i^ n )) . To prove (a) 
it suffices to show that there are only finitely many elements of f2(P(End(l<r n )) , £?) 
having the same associated n-tuple. Fix an n-tuple (ii, . . . , i n ) which arises as asso- 
ciated to some element [T] = [(ti . . . t n )}eQ.(\?(En.d(K n )) , B) . Since rank (T) > 2, 
there exists h, k such that ^ x. ih ^ x ifc ^ 0, and 

(4.3) H( Xlh + XhiT^XjiT)^) < V2B; H(x tk + \ k (T)- l X 3 (T) Xl] ) < V2B 

for all j's for which x^. ^ 0. Northcott's Theorem for projective spaces implies 

that given / y and z linearly independent, there are only finitely many values 

of AG-ftT* for which vectors of the form y + Az have bounded height. Combining 

this with the inequalities (4.3), we find that the ratios A; l (T) _1 A J ;(T) can assume 

only finitely many values. Hence (ii,.. . ,i n ) is associated only to finitely many 

[T}en(¥(End(K n )),B). 

(b) Theorem 3.3. implies that 

Of (P(End(iT l )),B) C {TeP(End(K n )) \ H{T)<B-C). 

But the set on the right is a finite set by (H5) and Northcott's finiteness theorem 
for projective spaces. ■ 
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